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Recent experiments revealed significant quasi-periodic forces in both the drag and lift directions in a
rotated triangular tube bundle subjected to two-phase cross-flow. The quasi-periodic drag forces were
found to be related to the momentum flux fluctuations in the main flow path between the cylinders.
The quasi-periodic lift forces, on the other hand, are mostly correlated to the oscillation in the wake of
the cylinders. In this paper, we develop semi-analytical models for correlating vibration excitation forces
to dynamic characteristics of two-phase flow in a rotated triangular tube bundle for a better understand-
ing of the nature of vibration excitation forces. The relationships between the lift or drag forces and the
dynamic characteristics of two-phase flow are established through fluid mechanics momentum equa-
tions. A model has been developed to correlate the void fraction fluctuation in the main flow path and
the dynamic drag forces. A second model has been developed for correlating the oscillation in the wake
of the cylinders and the dynamic lift forces. Although still preliminary, each model can predict the cor-
responding forces relatively well.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Two-phase cross-flow exists in many shell-and-tube heat
exchangers, for instance, in the U-tube region of nuclear steam
generators. Flow-induced vibration excitation forces can cause
excessive vibration that may result in long-term fretting-wear or
fatigue. To prevent such tube failures in heat exchangers, designers
and troubleshooters must have guidelines that incorporate flow-
induced vibration excitation forces.

In single-phase flow, these forces have been extensively mea-
sured and analyzed. They are related to periodic wake shedding
and to turbulence generated within the bundle. Experimental data
obtained for different kinds of fluids and tube bundles have been
satisfactorily compared through the use of adequate data-reduc-
tion procedures (Axisa et al., 1990; Blevins, 1991).

In the case of two-phase flows, such extensive studies have not
been undertaken, though it is known that there are significant dif-
ferences between single- and two-phase flows. In particular, the
relationship between the two phases must be considered in addi-
tion to another parameter which is the void fraction. This results
in different flow regimes or patterns of two-phase flow. A few sets
of experimental results have been obtained recently, e.g., Axisa et
al. (1990), Pettigrew and Taylor (1994), Pettigrew et al. (2005),
ll rights reserved.
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Nakamura et al. (1995), and Zhang et al. (2006, 2007, 2008). How-
ever many questions remain such as the effects of viscosity, surface
tension, density ratio and flow regimes. Indeed the main problem
is the understanding of the physical mechanism that induces these
forces. Detailed flow and vibration excitation force measurements
in tube bundles subjected to two-phase cross-flow are required to
understand the underlying vibration excitation mechanisms. Some
of this work has already been done by Pettigrew et al. (2005) and
Zhang et al. (2006, 2007, 2008). The distributions of both void frac-
tion and bubble velocity in rotated triangular tube bundles were
obtained (Pettigrew et al., 2005). Significant quasi-periodic forces
in both the drag and lift directions were measured (Zhang et al.,
2007). The quasi-periodic drag forces appear to be related to the
momentum flux fluctuations in the main flow path between the
cylinders. The quasi-periodic lift forces, on the other hand, are
mostly correlated to the oscillation in the cylinder wakes (Zhang
et al., 2008).

The objective of this work is to develop semi-analytical models
for correlating these vibration excitation forces to dynamic charac-
teristics of two-phase flow in a rotated triangular tube bundle and
understanding the nature of vibration excitation forces. The rela-
tionships between the lift or drag forces and the dynamic charac-
teristics of two-phase flow are established through fluid
mechanics momentum equations. A model has been developed
to correlate the void fraction fluctuation in the main flow path
and the dynamic drag forces. A second model has been developed
for correlating the oscillation in the wake of the cylinders and the
dynamic lift forces.
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Fig. 2. Test-section.
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Fig. 3. Ideal two-phase flow signal.
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2. Experiment

2.1. Experimental set-up

The experiments were done in an air–water loop to simulate
two-phase flows. The loop comprised a 25 L/s variable speed
pump, a magnetic flow meter, a 2500 L tank, a 250 L/s compressed
air supply system and connecting piping as shown in Fig. 1. The
water flow was measured via the magnetic flow meter with an
overall accuracy of ±0.5% of the reading. The compressed air was
injected below a suitably designed mixer to homogenize and dis-
tribute the two-phase mixture uniformly below the test-section.
The air flow was measured with orifice plates connected to a differ-
ential pressure transducer and electronic readout system. The pos-
sible measurement error of the orifice plate system is ±1.5% of the
nominal value. The loop was operated at room temperature and
the pressure in the test-section was slightly above atmospheric.

The test-section, which has essentially a rectangular cross-sec-
tion (99 � 191 mm), is shown in Fig. 2. It consists of a column of six
38-mm diameter cylinders flanked on either side by half cylinders
to simulate essentially the flow path in a large array of cylinders in
a rotated triangular configuration. The pitch-to-diameter ratio, P/D,
was 1.5 resulting in an inter-cylinder gap of 19 mm which allowed
sufficient space for detailed flow measurements. The test-section
length-to-gap width ratio is 10, thus, adequate to maintain essen-
tially two-dimensional flow. The measurements were taken at sev-
eral positions with fiber-optic probes assembled within a
traversing mechanism. The tip of the probes could be positioned
accurately with a micrometer head.

The probe assemblies were installed at four principal positions
in the array as shown in Fig. 2. These positions are henceforth
called lower and upper 60� (L60� and U60�) for the narrow gaps be-
tween cylinders and lower and upper 90� (L90� and U90�) for the
larger flow areas between upstream and downstream cylinders.
One cylinder was instrumented with strain gauges to measure
the dynamic drag and lift forces due to the two-phase flow.

Each fiber-optic probe has a conical tip and is made of an optical
fiber of 170-lm diameter. It acts as a fluid phase sensor based on
the different level of light reflection between air and water (Fig.
3). Four probes were used to measure simultaneously the dynamic
characteristics of two-phase flow surrounding the instrumented
cylinder. Several different probe locations as shown in Fig. 4 were
selected for two-phase flow measurements, i.e., LLLL, CCCC, RRRR,
etc. Here L, C and R represent the left, center and right positions
of probe L60�, L90�, U60� and U90� in the main flow path, respec-
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Fig. 4. The main flow path and probe positions for flow measurements.
tively. Additionally L0 is a point on the centerline of the test-section
at the U90� probe position. L1 is about 5 mm from L0.

Both the dynamic lift and drag forces were measured with a
strain gage instrumented cylinder located in the fifth position from
the upstream end of the test-section (Fig. 2). The instrumented cyl-
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inder was cantilevered and surrounded by rigid tubes. Two pairs of
diametrically opposite strain gages were installed in the cylinder at
90� from each other to measure the forces in the flow direction
(drag) and in the direction normal to the flow (lift). The strain
gages were connected to strain indicators. The natural frequency
of the cantilever cylinders was much higher (i.e., >150 Hz) than
the excitation force frequencies such that the cantilever cylinder
functioned essentially as a dynamic force transducer. The static
strain–force relation was determined via a careful calibration.
The estimated accuracy is about ±3% of the reading.

The analysis of two-phase flow-induced vibration requires suit-
able parameters to express the experimental data. Three flow
parameters such as homogeneous void fraction, a, freestream
velocity, U1, and pitch flow velocity, Up, are defined as follows:

a ¼ Q a

Q a þ Q w
ð1Þ

U1 ¼
Q a þ Q w

A1
ð2Þ

Up ¼ U1
P

P � D

� �
ð3Þ

where Qa is the volume flow rate of air, Qw is the volume flow rate of
water, P is the pitch or distance between tube centers and D is the
tube diameter, respectively.

Two-phase flow, and dynamic lift and drag force measurements
were performed simultaneously. Four flow conditions were inves-
tigated in detail, i.e., 80% and 90% homogeneous void fractions at a
nominal pitch flow velocity, Up of 5 and 10 m/s. They are located in
bubbly flow regime according to Grant’s map, which is one of the
available flow pattern maps for two-phase cross-flow in cylinder
arrays. In Grant’s map, bubbly flow and dispersed (spray) flow
are probably better described as ‘‘continuous flow”, while intermit-
tent flow is characterized by periodic flooding (mostly liquid) fol-
lowed by bursts of mostly gas flow (Taylor et al., 1989). The
homogeneous Reynolds numbers corresponding to the four flow
condition are presented in Table 1. Both the void probe and the
force signals were routinely recorded and analyzed on an OR38
8–32 channel real time multi-analyzer/recorder with NV Gate soft-
ware coupled to a laptop computer. A sampling rate of 2 kHz was
chosen. For each test run, sufficient time (10 min) was allowed
Table 1
Homogenous Reynolds numbers for the four flow conditions

Homogenous void fraction a 80% 90%

Pitch flow velocity Up (m/s) 5 10 5 10
Homogenous Reynolds

number
1.74 � 105 3.48 � 105 1.64 � 105 3.28 � 105
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Fig. 5. Typical dynamic force spectra for 80% void fraction at 5 m/s pi
for a statistically steady state to be attained. A frequency resolution
of 0.125 Hz was used to carry out the spectral analyses of the exci-
tation force and void fraction fluctuation.

2.2. Experimental results

Experimental results have already been published in Zhang et
al. (2008). Typical lift and drag force spectra are shown in Fig. 5.
Typical power spectra of the local void fraction fluctuation on the
right side, the left side, and along the center line of the main flow
path, as well as at positions U90�–L0 and U90�–L1 are shown in
Figs. 6–9, respectively. Detailed analyses of these results are dis-
cussed in Zhang et al. (2008). They are only briefly reviewed here.
These results show that

(1) Both the dynamic drag and lift forces and the local void frac-
tion fluctuation spectra show non-random narrow band
characteristics.

(2) For the case of 80% void fraction, at 5 m/s pitch flow velocity,
the spectra of the local void fraction fluctuation on the right
side of the main flow path have a dominant frequency of
about 4 Hz (Fig. 6). This dominant frequency is consistent
with that of the dynamic drag force (Fig. 5(a)). This clearly
indicates a possible dynamic link between the void fraction
fluctuation on the right side of the main flow path and the
dynamic drag forces.

(3) For the same flow conditions, the spectra of the local void
fraction fluctuation on the left side of the main flow path
have a dominant frequency of about 11 Hz (Fig. 7). This
dominant frequency is consistent with that of the dynamic
lift force (Fig. 5(b)). This suggests a possible dynamic rela-
tion between the void fraction fluctuation on the left side
of the main flow path and the dynamic lift forces.

(4) The spectra of the local void fraction fluctuation along the
center line of the main flow path as shown in Fig. 8, appear
to be a combination of those on the right and left sides of the
main flow path (Figs. 6 and 7).

(5) The spectrum at position U90�–L0 is very similar to that of
the center line of the main flow path (Figs. 9(a) and 8(d)),
except that the magnitudes of the power spectral density
are higher at L0. The spectrum at position U90�–L1 is very
similar to that of the left side of the main flow path (Figs.
9(b) and 7(d)) in both magnitude and frequency. This may
be explained by the flow observation described below.

Fig. 10(a) is a simplified schematic representation of the flow
structure inside a rotated triangular tube bundle. The flow is
mostly along the flow path (FP). In between adjacent tubes in the
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tch flow velocity: (a) drag force spectra and (b) lift force spectra.
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Fig. 6. Power spectra of the local void fraction fluctuation at four different positions on the right side of the main flow path for 80% void fraction at 5 m/s pitch flow velocity:
(a) L60� position; (b) L90� position; (c) U60� position; and (d) U90� position.
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Fig. 7. Power spectra of the local void fraction fluctuation at four different positions on the left side of the main flow path for 80% void fraction at 5 m/s pitch flow velocity: (a)
L60� position; (b) L90� position; (c) U60� position; and (d) U90� position.
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same column (e.g., Tubes 1 and 2), the flow velocity is much lower
than in the flow paths and is taken to be near zero. This zone is
called the stagnation zone or recirculation zone (SZ). In two-phase
continuous flow, the mixture inside the flow paths appears to be
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Fig. 8. Power spectra of the local void fraction fluctuation at four different positions along the center line of the main flow path for 80% void fraction at 5 m/s pitch flow
velocity: (a) L60� position; (b) L90� position; (c) U60� position; and (d) U90� position.
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Fig. 9. Power spectra of the local void fraction fluctuation at points L0 and L1 of U90� position for 80% void fraction at 5 m/s pitch flow velocity: (a) at point L0 and (b) at
point L1.
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very fine and homogenous. On the other hand, in the stagnation
zone (SZ), the two-phase mixture is coarse and non-homogeneous,
and transverse oscillations in the wake of the cylinders exist. It is
these oscillations that will lead to an oscillatory lift force on the
tube. Fig. 10(b) shows a black and white picture of the structure
of the two-phase flow inside a rotated triangular array for a high
void fraction (95%) and flow velocity of 12 m/s. Except for the tubes
themselves, light tones indicate high void fraction mixtures and
dark tones indicate very low void fraction two-phase mixtures.
From Fig. 10(b), it can be seen that there is a large volume of very
low void fraction mixture inside the stagnation zone and that a
small portion of the space is occupied by a high void fraction mix-
tures. Fig. 9(b) therefore shows an instantaneous configuration of
the non-homogenous wake during periodic oscillations. A similar
phenomenon was observed visually for 80% void fraction at 5
and 10 m/s pitch flow velocities.

The above investigation showed that the quasi-periodic drag
and lift forces are generated by different mechanisms. The quasi-
periodic drag forces appear related to the momentum flux fluctua-
tions in the main flow path between the cylinder columns. The
quasi-periodic lift forces, on the other hand, are mostly correlated
to the oscillation in the wake of the cylinders.

Uncertainty analysis on the measured excitation force is briefly
given here. One type of uncertainty is caused by the cylinder
instrumentation itself. As mentioned in Section 2, the estimated
accuracy for the instrumented cylinder is about ±3% of the reading.



Fig. 10. Two-phase flow structure in a rotated triangular tube bundle: (a) simplified
figure (FP, flow path; SZ, stagnation zone) and (b) flow picture (1: low void fraction
mixture belonging to the stagnation zone, 2: oscillating high void fraction mixture
in stagnation zone, 3: flow path, 4: rigid tubes).
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The other uncertainty is due to the method used for power spectral
density estimation. In order to reduce the spectral leakage, a sam-
pling rate of 2 kHz was chosen and sufficient time (10 min) was ta-
ken for each test run. This allowed us to carry out the spectral
analysis of the excitation force with a frequency resolution of
0.125 Hz and 75 segments (40 s for each segment). A Hanning
weighting window was also applied to each data segment. There-
fore a statistically steady state was attained. The relation between
the relative deviation from the mean of the measured drag force
and test time for 80% void fraction at 5 m/s pitch flow velocity is
shown in Fig. 11. It shows that the relative deviation from the
mean of the measured drag force is within the range of ±1% when
the test time is longer than 320 s. This implies that 600 s test time
(or averaging time) achieves sufficient accuracy. It may be con-
cluded that the uncertainty is mainly caused by the instrumented
cylinder and the uncertainty is ±3% in the 95% confidence interval.

After understanding the nature of the observed drag and lift
quasi-periodic forces, the logical next step is to develop models
to predict these forces starting from the observed dynamic charac-
teristics of two-phase flow.

3. Development of models correlating vibration excitation
forces to the dynamic characteristics of two-phase flow

3.1. Model correlating void fraction fluctuations in the main flow path
and the dynamic drag forces

The results of the detailed flow measurements indicate that
the flow tends to stream between the cylinders and that
within that stream the flow velocity is fairly uniform (Pettigrew
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Fig. 11. The relation between the relative deviation from mean of the measured
drag force and test time for 80% void fraction at 5 m/s pitch flow velocity.
et al., 2005). Two figures showing, respectively, the distributions
of void fraction and bubble velocity in a rotated triangular
tube bundle (Pettigrew et al., 2005) are presented in Fig. 12.
In fact, the flow path resembles a series of two-dimensional
60� elbows as shown in Fig. 4. This observation serves as the
starting point for the development of a model correlating the
void fraction fluctuation in the main flow path and the dynamic
drag forces.

The vertical forces exerted on the elbows due to two-phase flow
may be assumed to be equal to the excitation drag forces on the
tubes. There are two 60� elbows surrounding a given tube. The
resultant vertical drag force on the tube can be expressed as

FYðtÞ ¼ FElbow1;YðtÞ þ FElbow2;YðtÞ ð4Þ

where FY(t), FElbow,Y(t) are the excitation drag force along the cylin-
der length (N/m) and the vertical force exerted on the elbow (N/m),
respectively, and the subscripts 1, 2 refer to each elbow. The power
spectral density, SY(f) and the rms value of the measured force are
related to the elbow forces. If it is assumed that the elbow forces F
Elbow1,Y(t) and FElbow2,Y(t) are of equal magnitude and fully corre-
lated, then the power spectral density (PSD) and the rms force
become

SYðf Þ ¼ 4SElbow;Y ðf Þ; Frms
Y ðtÞ ¼ 2Frms

Elbow;YðtÞ ð5Þ

The forces exerted on a 60� elbow are determined by consider-
ing the control volume shown in Fig. 13. The total force on the con-
trol volume is the sum of surface and body forces

~FSurface þ~FBody ¼
Z

CS

~U � q~U d~Aþ o

ot

Z
CV

q~U dV
� �

ð6Þ

where ~U, q and V are the gap flow velocity (m/s), two-phase flow
mixture density (kg/m3) and control volume of a 60� elbow (m3).
Following Yih and Griffith (1970) the fluctuating force may be re-
lated to the variation with time of the fluid momentum. The elbow
force in the Y direction FElbow,Y(t) is given by Eq. (6) projected in the
~ey (the vertical unit vector) direction:

FElbow;YðtÞ¼�
ffiffiffi
3
p

2

Z
inlet

qU2 dAþ
ffiffiffi
3
p

2

Z
outlet

qU2 dAþ o

ot

Z
Elbow�V

q~U~ey dV
� �

ð7Þ

where the first two surface integrals relate to the flow characteris-
tics at the entrance and exit of the elbow. The third one is a volume
integral over the whole fluid domain in the elbow. This is identical
to the formulation used by Yih and Griffith (1970) to relate the force
exerted by the flow on a tee to variation in void fraction, except that
gravity effects are neglected here. It is also equivalent to the formu-
lation developed by Tay and Thorpe (2002, 2004), named Piston
Flow Model, except that the pressure gradients due to friction are
neglected here. For simplicity, the two-phase flow mixture density
is assumed to be homogenous across a section of the elbow and is
equal to

qðtÞ ¼ qL 1� aðtÞ½ � ð8Þ

where qL, a(t) are the liquid density and the instantaneous local
void fraction, respectively, and the gas density is neglected. Let us
develop term 3 in Eq. (7). In Fig. 10, the angular position
h ¼ p=3

pR=3U s, so, dh ¼ U
R ds

dV ¼ ARdh ¼ AR
U
R

ds ¼ AU ds ð9Þ

~U �~ey ¼ U sin
p
3
þ h

� �
ð10Þ

where R, A, and s are the radius of the center line of the main flow
path (m), gap area (m2), and the time lag between the inlet and the
position (h) along the elbow (s), respectively.



Fig. 12. The distributions of void fraction and bubble velocity in a rotated triangular tube bundle for 80% void fraction at 5 m/s pitch flow velocity: (a) void fraction (%); (b)
bubble velocity (m/s) [Pettigrew et al., 2005].
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Fig. 13. Sketch of 60� elbow for modeling drag forces.
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Introducing Eqs. (9) and (10) into term 3 of Eq. (7), we have

o

ot

Z
Elbow�V

q~U �~ey dV
� �

¼ o

ot

Z d

0
qL 1� aðtÞ½ �U sin

p
3
þ h

� �
AU ds

� �

¼ qLU2A
o

ot

Z d

0
1� aðtÞ½ � sin

p
3
þ h

� �
ds

� �

¼ � qLU2A
o

ot

Z d

0
aðtÞ sin

p
3
þ h

� �
ds

	 


¼ � qLU2A
Z d

0

oa
ot

� �
t�s

sin
p
3
þ h

� �
ds

	 


¼ � qLU2A
Z d

0

oa
ot

� �
t�s

sin
p
3
þ U

R
s

� �
ds

	 

ð11Þ

In the above derivation, it is assumed that the void fraction pat-
tern across the channel is convected by the gap flow velocity U
(U ¼

ffiffi
3
p

2 Up, for rotated triangular tube bundles), thus the density
at the inlet, outlet and inside of the elbow are related by time lags
only. This means that we could estimate parameters such as q(t)
and a(t) at any position within the elbow according to the inlet va-
lue of a(t). In other words, at any moment t, the void fraction at the
inlet is a(t), while at the position (h) within the elbow it will be
a(t � s), where s is the time lag between the inlet and the position
(h) along the elbow. The time lag between the inlet and outlet is
d = pR/(3U). So the void fraction at the outlet will be a(t � d). Final-
ly Eq. (7) becomes

FElbow;Y ðtÞ ¼
ffiffiffi
3
p

2
qLU2A aðtÞ � aðt � dÞ½ �

� qLU2A
Z d

0

oa
ot

� �
t�s

sin
p
3
þ U

R
s

� �
ds

	 

ð12Þ

Similar equations were also developed by Riverin et al. (2006).
Note that the derivative of the instantaneous void fraction a(t) at
L60�–C appears in Eq. (12).
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Table 2
Comparison between measured and estimated rms drag forces (N/m) within 0–20 Hz

Pitch flow velocity Up (m/s) a = 80% a = 90%

Measured Estimated Measured Estimated

5 18.1 51.5 13.7 54.7
10 31.9 49 20.3 50.9
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The rms value of the elbow force Frms
Elbow;Y could be easily deduced

by doing a Fourier Transform of Eq. (12). Let us separate the right
side of Eq. (12) into two equations. The first one, FElbow,YS(t) is due
to momentum change at the surface (inlet and outlet), and the sec-
ond one, FElbow,YV(t) is due to momentum change within the vol-
ume of the elbow.

FElbow;YSðtÞ ¼
ffiffiffi
3
p

2
qLU2A aðtÞ � aðt � dÞ½ � ð13Þ

FElbow;YV ðtÞ ¼ �qLU2A
Z d

0

oa
ot

� �
t�s

sin
p
3
þ U

R
s

� �
ds

	 

ð14Þ

We now define the Fourier Transform of FElbow,YS(t) as FElbow,-

YS(x), where

FElbow;YSðxÞ ¼
Z þ1

�1
FElbow;Y1ðtÞe�jxt dt ¼

ffiffiffi
3
p

2
qLU2AaðxÞ 1� e�jxd

� �
ð15Þ

and F�Elbow;YSðxÞ is the complex conjugate of FElbow,YS(x), thus

F�Elbow;YSðxÞ ¼
ffiffiffi
3
p

2
qLU2Aa�ðxÞ 1� ejxd

� �
ð16Þ

The PSD of FElbow,YS(t), SFElbow;YS
ðf�Þ can be expressed as

SFElbow;YS
ðf�Þ ¼ lim

T!1

1
T

FElbow;YSðf ÞF�Elbow;YSðf Þ
	 


¼ 3
4
q2

L U4A2 lim
T!1

1
T
aðxÞa�ðxÞ 1� e�jxd

� �
1� ejxd
� �	 


¼ 3
2
q2

L U4A2 1� cos
pR
3U

2pf
� �	 


Saðf�Þ ð17Þ

Similarly, the Fourier Transforms of FElbow,YV(t) is FElbow,YV(x).

FElbow;YV ðxÞ ¼
Z þ1

�1
FElbow;YV ðtÞe�jxt dt

¼ �qLU2AjxaðxÞ
Z d

0
sin

p
3
þ U

R
s

� �
e�jxs

	 

ds ð18Þ

F�Elbow;YV ðxÞ is the conjugate of FElbow,YV(x).

F�Elbow;YV ðxÞ ¼ qLU2Ajxa�ðxÞ
Z d

0
sin

p
3
þ U

R
s

� �
ejxs

	 

ds ð19Þ

The PSD of FElbow,YV(t), SFElbow;YV
ðf�Þ can be expressed as

SFElbow;YV
ðf�Þ ¼ lim

T!1

1
T

FElbow;YV ðf ÞF�Elbow;YV ðf Þ

¼ 1
2
q2

L U4A2ð2pf Þ2Saðf�Þ
1� cos p

3 þ pR
3U 2pf

� �
U
R þ 2pf
� �2

"

þ
1� cos p

3 � pR
3U 2pf

� �
U
R � 2pf
� �2 þ 2

cos pR
3U 2pf
� �

þ cos 2p
3

ðUR Þ
2 � ð2pf Þ2

#
ð20Þ

Recalling Eqs. (12)–(14), we have

FElbow;YðtÞ ¼ FElbow;YSðtÞ þ FElbow;YV ðtÞ ð21Þ

The power spectral density of FElbow,Y(t), SFElbow;Y
ðf�Þ can be

expressed as follows:

SFElbow;Y
ðf�Þ ¼ SFElbow;YS

ðf�Þ þ SFElbow;YV
ðf�Þ þ SFElbow;YSV

ðf�Þ þ SFElbow;YVS
ðf�Þ
ð22Þ

The last two terms of Eq. (22) are cross-power spectral densities
between the volume force FElbow,YS(t) and the surface force
FElbow,YV(t). They are neglected being secondary terms.

SFElbow;Y
ðf�Þ ¼ SFElbow;YS

ðf�Þ þ SFElbow;YV
ðf�Þ ð23Þ

The mean square (MS) value of FElbow,Y(t), F2
Elbow;Y ðtÞ will be
F2
Elbow;Y ðtÞ ¼

Z 1

0
SFElbow;Y

ðf Þdf

¼ 1
2
q2

L U4A2
Z 1

0
Saðf Þ 3 1� cos

pR
3U

2pf
� �	 


df

þ 1
2
q2

L U4A2
Z 1

0
Saðf Þ

� ð2pf Þ2
1� cosðp3 þ pR

3U 2pf Þ
ðUR þ 2pf Þ2

" #
df þ 1

2
q2

L U4A2

�
Z 1

0
Saðf Þð2pf Þ2

1� cosðp3 � pR
3U 2pf Þ

ðUR � 2pf Þ2

" #
df

þ 1
2
q2

L U4A2
Z 1

0
Saðf Þ

� ð2pf Þ2 2
cosðpR

3U 2pf Þ þ cos 2p
3

ðUR Þ
2 � ð2pf Þ2

" #
df ð24Þ

Sa(f) in Eq. (24) could be obtained directly from probe signal at L60�
(position C).

Introducing Eq. (24) into Eq. (5), the rms value of the resultant
vertical drag force on the tube will be

Frms
Y ðtÞ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

Elbow;YðtÞ
q

ð25Þ

A computer code was programmed using Eqs. (24) and (25) for
estimating the drag force according to the void signal (probe signal
of L60�–C).

The resulting rms values are presented in Table 2, where com-
parison with the direct measurements of the forces is made.
Although the measured values are lower than the calculations,
they are both within the same order of magnitude. An important
reason for the difference is that the coherence between void frac-
tion fluctuation at L60�–C and drag forces is relatively high only
in the range 0–10 Hz (Zhang et al., 2008). One of the figures show-
ing that coherence (Zhang et al., 2008) is presented in Fig. 14. Be-
yond 10 Hz, the coherence is extremely low. If only the frequency
range 0–10 Hz is considered for the measured and estimated
forces, much better agreement is found as shown in Table 3. This



Table 3
Comparison between measured and estimated rms drag forces (N/m) within 0–10 Hz

Pitch flow velocity Up (m/s) a = 80% a = 90%

Measured Estimated Measured Estimated

5 15.9 21.1 12.4 23.9
10 28.8 20.7 18.5 20.3
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and other possible explanations are currently being considered
which should lead to a more refined model.

3.2. Model correlating oscillations in the wake of the cylinders and the
dynamic lift forces

A model for correlating oscillations in the wake of the cylinders
and the dynamic lift forces is also developed. Although the mecha-
nism for the oscillation in the wake of the cylinders is not as yet
completely understood, it may be similar to oscillations associated
with low frequency mechanisms for some structures in single-phase
flow. It has been hypothesized to be due to an imbalance between
flow entrained by the separated shear layer and that returned to
the separation zone at reattachment (Rockwell, 1983). For the
purpose of model development, based on our visualizations, video-
photography and fiber-optic probe measurements, this wake
oscillation could be thought as two low void shear layers self-excited
transversely between the upstream and downstream cylinders. This
characteristic of wake oscillation is assumed to be sustained when
this wake flow passes through the main flow path.

Only the oscillation at the dominant frequency is taken into ac-
count on here, so the motion and velocity equations of the oscillat-
ing wake will be

xðtÞ ¼ 1
2

e sinð2pftÞ; uðtÞ ¼ pef cosð2pftÞ ð26Þ

where e, f are the width of the wake (Fig. 4) and dominant fre-
quency, the oscillating amplitude of the wake was assumed to be
half of e as deduced from the experiments.

The horizontal forces exerted on the elbows due to the wake
oscillation may be assumed to be equal to the excitation lift forces
on the tubes. There are two 60� elbows surrounding the tube. The
resultant horizontal lift force on the tube can be expressed as

FXðtÞ ¼ FElbow1;XðtÞ þ FElbow2;XðtÞ ð27Þ

where FX(t), FElbow,X(t) are the excitation lift force along the cylinder
length (N/m) and the horizontal force exerted on the elbow (N/m),
respectively, and the subscripts 1, 2 refer to each elbow. The rms
value of the measured force is related to that of the elbow forces. If
R1

60˚

R1R1R1R1

60˚
θ

Fig. 15. Sketch of 60� elbow
it is assumed that the elbow forces FElbow1,X(t) and FElbow2,X(t) are of
equal magnitude and not correlated, then the rms force becomes

Frms
X ðtÞ ¼

ffiffiffi
2
p

Frms
Elbow;XðtÞ ð28Þ

The control volume for the evaluation of the forces exerted on a
60� elbow is considered as shown in Fig. 15. The fluctuating lift
force may be related to the variation with time of the wake
momentum in a 60� elbow. The elbow force in the X direction FEl-

bow,X(t) is given by Eq. (6) projected in the ~ex (the horizontal unit
vector) direction.

FElbow;XðtÞ ¼
o

ot

Z
Elbow�V

qL~uðtÞ~ex dV
	 


ð29Þ

The term on the right hand is a volume integral over the whole
fluid domain in the elbow. Based on experiments, the mean radius
of the wake in the main flow path, R1 was taken as the radius of the
tube plus wake width. In the 60� elbow, the wake oscillation veloc-
ity~uðtÞ is just in the normal or transverse direction and is assumed
to keep the same oscillation amplitude as that in between up-
stream and downstream cylinders. The term related to the surface
integral is zero due to ~uðtÞ being perpendicular to d~A. Further der-
ivation is given as follows:

FElbow;XðtÞ ¼
o

ot

Z
Elbow�V

qL~uðtÞ~ex dV
	 


¼ o

ot

Z p
3

0
qLpef cosð2pftÞ cosðp

6
� hÞeR1 dh

" #

¼ o

ot
qLpe2R1f cosð2pftÞ � sin

p
6
� h

� �h ip
3

0

� �
¼ �2p2qLR1e2f 2 sinð2pftÞ ð30Þ

Introducing final result of Eq. (30) into Eq. (28), the rms value of
the resultant horizontal lift force on the tube will be

Frms
X ðtÞ ¼ �2

ffiffiffi
2
p

p2qLR1e2f 2 sinð2pftÞ ð31Þ

If the periodic frequency is introduced in Eq. (31), the rms value
of the resultant horizontal lift force can be estimated.

The corresponding rms values are presented in Table 4, and
compared to the direct measurement of the force. Although the
measured values are generally lower than the calculations, they
are both reasonably close for a first attempt at estimating these
forces deriving from a complex two-phase flow phenomenon.

The two models above are applicable to the other rows of tube
bundle except the first and last rows. This is because the flow sur-
rounding the first and last row cylinders is different than that sur-
rounding the inner row cylinders.
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Table 4
Comparison between measured and estimated rms lift forces (N/m) at the dominant
frequency

Pitch flow velocity Up (m/s) a = 80% a = 90%

Measured Estimated Measured Estimated

5 1.3 1.65 1.13 1.04
10 2.42 4.34 1.69 2.31
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4. Conclusion

Quasi-periodic drag and lift forces were measured on an array
of cylinders subjected to two-phase flow. Measurements of the dy-
namic characteristics of the two-phase flow indicate that quasi-
periodic drag and lift forces are generated by different mechanisms
that have not been reported previously. The quasi-periodic drag
forces were found to be related to the momentum flux fluctuations
in the main flow path between the cylinders. These momentum
flux fluctuations are caused by the void fraction fluctuations in
the main flow path between the cylinders. The quasi-periodic lift
forces, on the other hand, are mostly correlated to oscillations in
the wake of the cylinders. The relationships between the lift or
drag forces and the dynamic characteristics of two-phase flow
are established through fluid mechanics momentum equations. A
model has been developed to correlate the void fraction fluctuation
in the main flow path and the dynamic drag forces. A second model
has been developed for correlating the oscillation in the wake of
the cylinders and the dynamic lift forces. Although further devel-
opment is needed, these preliminary models are encouraging since
plausible prediction is made.
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